
Descriptive Set Theory
Lecture 3

It's clear from the definition of God to Rt open ≤ Go and
closed ≤ Fr

.

Proposition . In a metric space ,
closed abs are Gd

. Equiv, open ≤ Fr .

Proof. let ✗ be a cnet.io space , with metric d. let C be a closed

sit
. let Un := / ✗ C- X : dlx , c) < = U Bly,1) . Thea cleary ,

"

8889 ÷ j¥dky)
"'

c ≤fun .

Moreover
,
if
y c- Allu , then

for each u
,
there is ✗nc-cs.t.cl/xa

,
g) < tu . Then ✗n-y

hence SEC beer ( is closed .

It's trivial tht closed subsets of Polish spaces are Polish .

What other subsets are Polish? E.
g. to , I] is Polish

being a closed subset of IR . What about 10,1] ?
IR The nap ✗↳ ¥ is a homeomorphism of (0,1]

¥
.

with the closet subset 114¥) : ✗ c- (0,1]}≤ IR!

f ? R
this suggests tht open struts are also Polish

.

It turns out tht :



Theorem
.

For a Polish space
×
,
a subset Y≤✗ is Polish if and

only if Yi , Gi .
Proof

. ⇐ .

First suppose tht 4--4 is open . Then the map :

o : ✗ t> (×
, uy)

is a homeomorphism from U to a closed subset

of ✗ ✗ IR
,
there d is a complete metric for X.

To show tht o is continuous
,
let ✗→ ✗ at observe

tht oh → old . For the w- tiaaih of
,

suppose tht o /✗a) → old ,

and again observe ✗
a
→ ×

.

To show ht 014) =\ kidney : ✗ c-U } is closed
,

use the fact tht U
'
is closed

.

More generally , suppose 4=4 Un , Un c-✗ open .
then the map

✗ ↳ lxidxuineav
is a homomorphism of Y with a closed subset
of ✗ × IRIN

.

⇒
.

✗ let dx
, dy be complete co-partible

0 metrics on ✗ I Y
, respectively .

For each n

,
let Un : - the union of

all ✗- o u sets B ≤✗ sit
.



pe
4) BAY -1-0 ,
fit diamondB) < ¥ ,

diana
,
(BNY) - k .

To show tht Y ≤ f. Un , fix yt Y d show tht 7 Bag
satisfying Iii) I Iiit . Indeed ,

since Bayly , 1) is Y- open,

7 an X- open
set VEX s.t.vn Y = Bayly , 4) .

let B : = Un Ba
, ly , 1) .

To show tht fun ≤ Y , fix ✗ C- Allu .

Then for each n
,

there is Bix satisfying lil - Iiit . By lil , let yaEBAY.
Since dlx

, ya) ≤ diag✗ (Bn) → 0, yn $ × .

But by tail , ↳ a) is also Cauchy in dy ,
so the

w-plebeian of dy gives a limit
y EY .

thus
,

topologically , yisy also in X
.

But ✗ is Hausdorff
hence limits are unique , so ✗=y .

-

Prop . 2
"
is a co-pact subset of IN

"V

,
while IN

"V
is

homeomorphicto a Gi subset of 2"!

Proof
.

In HWI
.



Trees
.

let A be a nonempty set , which we think of a set of
sg
-bots

,

an alphabet . A set-theoretic tree T on A is a subset of A-
< IN

such tht T is nonempty al is closed downward
,
i.e. if

a word WET then all of initial subwords of w are also int
,

including tht ∅ sibword . E.g. T •
∅ A = 10,13

.

T will typically be infinite
,

◦ 1

e.
g. F- A'

"V
. oo

:/ ¥!"
✗
"°

this picture shows how to get a

graph - theoretic rooted tree from a set-theoretic one;
the converse constriction is also

easy .

For a tree T on A
,
let IT] := the set of infinite branches

through 1- ⇐ { ✗ C- A
'"

: ✗ In c-Tl
,
where if × - Kilian ,

then ✗ In:=

Hien -

Prop . For any tree
1- on A

,
the set IT] is closed in A "Y

here Ai, given the discrete topology .

Proof
.

If ✗at IT] I ✗a→ ✗
,
then km c- IN

,
Ha /

m
)
new

stabilizes at equals ✗ 1m ,
thus × /MET. Thus, ✗ c- It .



Now let Y≤ A
"V
I define Ty := / we A

""
: 3- y EY yl ,w,=w}=

= / ylu :

g. c- Y ut u c- IN) , Ty is a tree by definition .

In fact
,

Ty is a pruned tree , i.e . every WET has a extension
,
i. e.

1- a C-A set
.

Watt
. Also by definitions, [Ty] ZY .

Prop . A sit YEA
""
is closed if at only if Y -

_ [Ty].

In particular
,
Y ↳ Ty is a bijection between closed

sets in A
"" I pruned trees on A.

Proof
.
<=

. We already proved tht [Ty} is closed
.

⇒
. Suppose Y is closed I let ✗ c- [Ty] . Then Yu ,
✗ In c-Ty . Heave 7.yuc-Ys.t.ba/n-- ✗ In .

Thea

%→×
" the pt-in convergence top , so ✗ c-y

base Yi, closet
.

Now let's understand chick pruned trees

✗ correspond to compact sets
.

Konig 's lenna . Every infinite fiuitg - branching tree Toa A

has an infinite branch
,
i. e. IT] =/∅.

Proof
.

Call wet heavy if Tw : = { ✓ ET : v ≥w) is infinite .



then ∅ is heavy 1 since it has only finitely -may
1¥ extensions in T

,
one of them has to be heavy

Alive're using Rt tight inn is finitely - additive) . Keep
A1¥ going . . . ( technically using the Axiom of Dependent choice.
i

pruned
Prop . F.raw tree T on A

,
It is a-pad if I only if Ti,

finitely - branching.
Proof

.

⇒ . Suppose 1- isn't finitely branching , then 7 WET
set

.
w has infinitely many extensions int.

✗ Then [wit := { ✗ c- [t) : x≥w} is Iopeu subset
✗ Aw of IT] at it is covered by infinitely nay
✗A- - disjoint lopeu sets of the form [way ,

a TA .
"

thus
,
[wk isn't unpaid , hence {it isn't upact.

( The sets [✓a)
1- are nonempty become T is pruned .)

⇐
.

let U be an open cover of IT] aud suppose towards

a contradiction tht § finite sabaver
.
Define an appropriate

notion of heaviness for the nodes of T to show tht -3 ✗ c- IT]

not covered by U . . .

(this is a proof by Jenna Zonhak .)


